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We study the formation of primordial black holes (PBHs) from the collapse of closed domain walls
(DWs) which naturally arise in QCD axion models near the QCD scale together with the main string-
wall network. The size distribution of the closed DWs is determined by percolation theory, from
which we further obtain PBH mass distribution and abundance. Various observational constraints
on PBH abundance in turn also constrain axion parameters. Our model prefers axion mass around
the meV scale (fa ∼ 109 GeV). The corresponding PBHs are in the sublunar-mass window 1020-1022
g (i.e., 10−13-10−11M), one of few mass windows still available for PBHs contributing significantly
to dark matter (DM). In our model, PBH abundance could reach ∼ 1% or even more of DM, sensitive
to the formation efficiency of closed axion DWs.
I. INTRODUCTION
Primordial black holes (PBHs) have long been con-
sidered as viable dark matter (DM) candidates, see
Refs. [1–3] for recent reviews. Despite various obser-
vational constraints, some mass windows remain valid
in which PBHs could significantly contribute to DM:
sublunar-mass range O(1020g) and intermediate mass
range O(10M) [1, 2, 4]. In addition to the frequently
studied mechanism of PBH formation from the collapse of
overdense regions in the early universe [1, 2], PBHs could
also be formed from collapse of topological defects [5–14].
QCD axion was originally proposed as a solution to
strong CP problem [15–17]. As Peccei-Quinn (PQ) sym-
metry gets spontaneously broken at PQ scale TPQ ∼ fa
in the early universe, axion strings are formed. If PQ
symmetry is broken after inflation (fa . HI , post-
inflationary scenario), axion domain walls (DWs) will be
formed later near QCD scale T1 ∼ GeV with the pre-
existing strings as boundaries, which we call the string-
wall network [18, 19]. Otherwise, in the pre-inflationary
scenario, the pre-existing strings are ‘blown away’ and
the axion field gets homogenized by inflation, so no DWs
can be formed at T1. Propagating axions generated from
misalignment mechanism and topological decays are also
DM candidates [20, 21].
Recently, Refs. [22, 23] have studied PBH formation
from collapse of closed axion DWs. The PBH mass ob-
tained in Ref. [22] is ∼ 10−8M (1025 g), but much heav-
ier in Ref. [23] ∼ 104-107M since an extra bias term
is considered there lifting the energy enclosed by DWs.
Closed DWs in Refs. [22, 23] are related to the network
fragment which could occur much later than T1, and PBH
formation there is significantly affected by the fragment
time which is however very hard to determine [24–28].
In this paper, however, we study the closed axion DWs
initially formed at T1 together with the main string-wall
network. The closed DWs thus evolves independently
of the network fragment. Also, we focus on NDW = 1
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case. The size distribution of NDW = 1 closed DWs
initially formed at T1 is well predicted by percolation
theory, from which we can further calculate the PBH
mass distribution and abundance. Another advantage is
that NDW = 1 model naturally avoids the known DW
problem that arises in NDW > 1 models leading to a
DW-dominated universe [20, 29]. The DW problem in
NDW > 1 cases can also be avoided with a bias term
introduced, which is adopted in Ref. [23], although there
is only little room in parameter space for this term [20].
In our model, for axion decay constant fa ∼ 109 GeV,
PBHs are in the sublunar-mass window ∼ 1020-1022 g,
one of few allowed windows. In addition to the propagat-
ing axions from misalignment mechanism and topological
decays as conventional DM candidates, PBH abundance
in our model could reach ∼ 1% or even more of DM,
sensitive to the formation efficiency of closed DWs at T1.
Additionally, various observational constraints on PBH
abundance in turn could constrain axion parameters.
II. SIZE DISTRIBUTION OF CLOSED AXION
DWS
We start with a brief review of axion DWs formation.
Non-perturbative QCD effects induce an effective poten-
tial for the axion field φ [20, 21]:
Va = m
2
a(T )f
2
a [1− cos(φ/fa)] (1)
with 0 ≤ φ/fa ≤ 2piNDW where NDW is the model-
dependent chiral anomaly coefficient [30] that also repre-
sents the number of degenerate vacua locating at φ/fa =
2kpi. The axion mass is [31, 32]
ma(T ) =
{
f−1a χ
1/2
0 , T ≤ Tc
f−1a χ
1/2
0 (T/Tc)
−β , T ≥ Tc
(2)
where Tc ' 150 MeV is the QCD transition temperature,
χ0 = (75.6 MeV)
4 is the zero-temperature topological
susceptibility and β ' 4 [31, 33].
Va is unimportant until ma(T ) increases to the scale
of the inverse of Hubble radius H ∼ t−1 at t1 [20]
ma(t1)t1 ' 1. (3)
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2We say axion mass effectively turns on at t1. The corre-
sponding temperature is T1 ∼ 1 GeV, much lower than
PQ scale. In the post-inflationary scenario, axion DWs
start to form due to Kibble-Zurek mechanism [34, 35] at
T1 when different regions of the universe fall into different
vacua. The typical length of each region is the correlation
length ξ (see e.g. Refs. [36, 37]):
ξ(T ) ' m−1a (T ) (4)
Using Eq. (3), we further get ξ(T1) ' t1, i.e. the corre-
lation length at DW formation point t1 is approximately
the Hubble radius.
NDW = 1 model is special with only one unique
physical vacuum. However, DWs can still be formed
as φ interpolates between different topological branches
φ/fa = 0, 2pi of the same unique vacuum, corresponding
to φ winding around the bottom of ‘Mexican hat’ po-
tential once [20]. Although NDW = 1 DWs could decay
through the tunnelling process, they could still live long
enough to have important implications [38, 39]. If we
ignore the pre-existing strings (the effect of which will
be discussed later), we can treat NDW = 1 walls as Z2-
walls with two physical vacua (in NDW = 1 case it is two
topological branches). Different ‘cells’ with typical length
ξ fall into either φ/fa = 0 or 2pi randomly with equal
probability. Two or more neighbouring cells falling into
the same branch are connected and form a finite cluster
(closed DW). A mathematical theory known as percola-
tion theory studies the size distribution of such clusters
which is an exponentially decreasing function [38, 40]:
ns ∝ s−τ exp (−λs2/3). (5)
ns is the number density of finite clusters with size
s (number of cells within a cluster). τ = −1/9 and
λ ≈ 0.025 are two coefficients from percolation theory 1.
Although Eq. (5) is originally obtained with the assump-
tion s  1, it can be extrapolated down to the smallest
clusters s = 1 with high accuracy [46].
Eq. (5) can be translated into DW language straight-
forwardly. Finite clusters are closed DWs with volume
R31 ' sξ3, where R1 is introduced as the radius of closed
DWs. We can write ns in differential form as ns = dn/ds
where n denotes the number density of finite clusters with
size smaller than s. Then, Eq. (5) becomes
f(r1) = f0 · r2−3τ1 · eλ(1−r
2
1) (6)
where r1 ≡ R1/ξ, f(r1) ≡ dn/dr. f0 ≡ f(r1 = 1) is the
distribution at the smallest size R1 = ξ.
1 λ is obtained indirectly. In percolation theory, λ−1 is the
crossover size where λ−1 ' |p− pc|−1/σ valid for |p− pc|  1
(see e.g. Refs. [41–43]). p is the probability of each cell choos-
ing one of the two topological branches, so p = 0.5 in our case;
pc = 0.31 for cubic lattice and σ = 0.45 in 3D [44], so λ ≈ 0.025
for |p− pc|  1 well satisfied. The other coefficient τ = −1/9
for p > pc is obtained in a field theoretical formulation of the
percolation problem [44, 45].
Closed DWs are indeed observed in computer simula-
tions. In Z2-system, closed DWs account for γ ∼ 13% of
the total wall area [40]. For NDW = 1 axion models with
pre-existing strings acting as DWs boundaries, we expect
the proportion should be lower. This has also been seen
in simulations [40, 47]. But the exact influence of strings
on closed DWs formation is hard to determine. One dif-
ficulty is that simulations are sensitive to the simulation
size [40] and may not be properly applied to the universe
at T1. Another is that simulations only applies to DWs
formed soon after strings formation [40] which contra-
dicts the actual situation T1  TPQ. Despite simula-
tion difficulties, we expect strings only deplete very large
closed DWs as they are easier to intersect strings. But
these vulnerable walls are less interesting due to the tiny
number density. For simplicity, we can still use Eq. (6) as
a good approximation for a wide size range that we are in-
terested in where closed DWs are copiously formed. Ad-
ditionally, in contrast with the traditional view, NDW = 1
DWs could also be formed in the pre-inflationary scenario
(fa & HI) based on the argument that different topolog-
ical branches cannot be separated by inflation [36, 48] 2.
In that scenario, the pre-existing strings are blown away
by inflation so the size distribution of NDW = 1 closed
DWs is exactly Eq. (6).
The above uncertainties can be effectively absorbed
into γ, the proportion of closed DWs area in the system.
Generally, we should set γ as a variable 0 < γ . 13%.
We have ∫ ∞
1
dr1 4pi(ξr1)
2f(r1) ' γ · 1
ξ
. (7)
where the correlation length ξ is interpreted as the aver-
age distance among DWs. Combining Eqs. (6) and (7),
we get f0 as a function of γ.
III. COLLAPSE INTO PBHS
Closed DWs with size r1 > 1 (i.e. R1 > ξ(T1)) are
super-Hubble structures since ξ(T1) ' t1. They do not
collapse until the size is surpassed by Hubble horizon.
We emphasize that super-Hubble DWs are formed not
because φ is physically correlated in super-Hubble scale,
but a natural result of random combinations of correlated
cells predicted by percolation theory.
Instead of contraction, super-Hubble closed DWs first
expand due to the universe’s expansion with the scale fac-
tor a(t) ∝ T−1 ∝ t1/2 (radiation-dominated era). How-
ever, the Hubble horizon H−1 ∼ t increases faster, imply-
ing that some time after t1 (labeled as t2), H
−1 will catch
2 NDW = 1 closed axion DWs formed in the pre-inflationary sce-
nario are crucial in Refs. [36, 48]. The closed walls there accu-
mulate baryons or anti-baryons inside. They finally evolve into
the axion quark nuggets (AQNs) which have many intriguing
astrophysical and cosmological implications. See the original pa-
per [48] and recent developments [36, 49–59] for details.
3up with the closed DWs size, R2 ' t2. R1 and R2 are con-
nected by the universe’s expansion, R2/R1 ' (t2/t1)1/2.
Recalling that r1 ≡ R1/ξ(T1) ' R1/t1, we have
t2 ' r21t1. (8)
Closed DWs start to collapse at t2 as the DW tension
overcomes the universe’s expansion.
The collapse of closed DWs is dominated by the axion
Lagrangian L = 1/2(∂µφ)2 − Va with Va from Eq. (1).
The equation of motion (EoM) is[
∂2t +
3∂t
2t
− ∂
2
R
a2(t)
− 2∂R
a2(t)R
]
φ+m2a(t) sinφ = 0 (9)
where we have incorporated the universe’s expansion.
R = R/a(t) is the co-moving distance. Also, the axion
field is redefined as φ = φ/fa (dimensionless). For sim-
plicity, we treat closed DWs as nearly spherical, so the
EoM is written in the spherically symmetric form. We
can use the kink-antikink pair as the initial configuration
of spherical DWs [22, 37]
φ(t = t2,R) =4
{
tan−1[ema(t2)(R−R2)]
+ tan−1[ema(t2)(−R−R2)]
} (10)
where the initial scale factor is set as a(t2) = 1. We also
assume walls initially at rest, φ˙(t = t2,R) = 0.
Following the procedure of Ref. [22], we define E(t, R)
as the energy contained within a sphere of radius R at
time t during collapse of a closed DW. If for some t and R,
we have R smaller than the corresponding Schwarzschild
radius Rs = 2GE(t, R), a black hole will be formed. The
above criterion can be expressed as [22]
Rs
R
=
2GE(t, R)
R
& 1 ⇒ S(t, R) & m2P (11)
where S(t, R) ≡ 2E(t, R)/R and mP is the Planck mass.
By numerically solving the EoM (9) with the initial con-
ditions above, we can obtain the evolution of S(t, R). The
detailed numerical calculations are shown in Appendix A.
The key result is that the maximum S(t, R) is related to
the initial collapse size R2 by
Smax = k1[ma(t2)R2]
k2 · f2a (12)
where k1 ≈ 3.1×103 and k2 ≈ 2.76. This should be com-
pared with a similar result in Ref. [22] where k1 ≈ 21.9
and k2 ≈ 2.7. The crucial difference is that in our model
closed DWs are originally formed at T1 together with
the main network and the collapse point T2 could be
much earlier than QCD transition Tc, so the full ex-
pression of axion mass Eq. (2) where ma(T ) increases
rapidly with T before Tc must be included in solving the
EoM (9). Additionally, our EoM includes the universe’s
expansion. In comparison, Ref. [22] considered collapse
of fragments from the string-wall network. The fragment
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FIG. 1. Relation between r1,min and fa.
process could occur later than Tc, so ma is treated as a
constant there.
Also, fragments in Ref. [22] inherit angular momentum
from strings motion, which could significantly suppress
PBH formation. However, our model does not suffer from
this suppression. Closed DWs have no initial angular
momentum at T1 since they are formed independently of
the main network, and the simple assumption of spherical
shape guarantees no angular motion later but only radial
motion.
Substituting Eq. (12) into Eq. (11) and using Eq. (8),
we can finally express the criterion of PBH formation in
terms of r1:
r21 &
ma(t1)
ma(t2)
(
m2P
k1f2a
)1/k2
. (13)
The classical window of current axion mass is 10−6 eV .
ma,0 . 10−2 eV [60], implying 108 GeV . fa . 1012 GeV
[Eq. (2)]. r1,min is the minimum radius satisfying the
criterion Eq. (13). With fa known, t1 and t2 are also
known from Eqs. (2), (3) and (8), so r1,min is merely
determined by fa. In Fig. 1, we plot the relation r1,min-
fa (see also Appendix A for more numerical details).
IV. PBHS AS DM
Eq. (13) roughly determines whether a closed axion
DW could collapse into a PBH. To exactly calculate the
PBH mass, however, we need to answer many compli-
cated questions, e.g. how the PBH as the core alters the
wall dynamics and the fraction of the wall falling into the
PBH, etc. For simplicity, we estimate the PBH mass as
the energy initially stored in the closed wall at t2 when
it starts to collapse:
MPBH ' 4piR22σ(t2) ' 4pir41 ·m−2a (t1) · σ(r21t1) (14)
where σ = 8f2ama is the DW tension [38].
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FIG. 2. To compare PBH mass distributions for different fa,
we have rescaled the distribution Eq. (16) as ψ(MPBH) ≡
(〈MPBH〉 /ΩPBH) · (dΩPBH/dMPBH) which is normalized as∫
dMPBH ψ(MPBH) = 〈MPBH〉. Black dot and dashed
line for each fa are respectively the minimum PBH mass
MPBH,min (corresponding to r1,min) and the average mass
〈MPBH〉 Eq. (18).
The PBH mass distribution is related to the size dis-
tribution of closed axion DWs Eq. (6) via
dρPBH(t)
dMPBH
= MPBH(r1) · f(r1) ·
[
T (t)
T1
]3
· dr1
dMPBH
(15)
where ρPBH(t) is the mass density of PBHs. [T (t)/T1]
3
is the matter density decrease with the universe expand-
ing. We further define ΩPBH(t) = ρPBH(t)/ρcr(t) where
ρcr(t) = 3H
2(t)/8piG is the critical density. ΩPBH(t) re-
mains constant after the epoch of matter-radiation equal-
ity Teq ≈ 0.8 eV, so the present mass distribution of
PBHs is
dΩPBH(teq)
dMPBH
=
MPBH(r1) · f(r1)
ρcr(t1)
· T1
Teq
· dr1
dMPBH
(16)
By integrating Eq. (16), the present PBH abundance is
ΩPBH =
∫ ∞
r1,min
(
MPBH(r1) · f(r1)
ρcr(t1)
· T1
Teq
)
dr1. (17)
The average mass of PBHs can be calculated as
〈MPBH〉 =
∫∞
r1,min
dr1 MPBH(r1)f(r1)∫∞
r1,min
dr1 f(r1)
, (18)
which does not change with the universe’s expansion.
There is a one-to-one correspondence between 〈MPBH〉
and fa. In Fig. 2, we plot PBH mass distributions for
different fa. We see that PBHs are generally within the
mass range 1019-1029 g, but the distribution for each fa
is quite narrow centering at ∼ 〈MPBH〉 and heavy PBHs
are greatly suppressed due to Eq. (6).
We emphasize that PBH mass reaching the scale 1019-
1029 g is due to the large size of closed DWs which is in-
versely proportional to the axion mass at T1 ∼ GeV, i.e.
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FIG. 3. ΩPBH/ΩDM as a function of 〈MPBH〉 for various γ, de-
noted as black lines. We also plot fa-scale in the upper x-axis
one-to-one corresponding to 〈MPBH〉. The shaded regions are
various observational constraints on PBH abundance: fem-
tolensing (FL) [61], white dwarfs distribution (WD) [62], Sub-
aru/HSC microlensing (HSC) [63] and Kepler microlensing
(K) [64]. The r-process nucleosynthesis line is from Ref. [65].
ξ ' m−1a (T1), rather than the current axion mass ma,0.
There is a huge difference between ma,0 and ma(T1).
For example, for ma,0 as large as 10
−4 eV, we have
ma(T1) ∼ 10−8 eV [Eq. (2)]. Another factor contributing
to closed DWs size is r1 predicted by percolation theory.
See also Eq. (14) where m−1a (T1) and r1 enter the PBH
mass expression.
PBHs surviving today contribute to DM with the triv-
ial constraint ΩPBH ≤ ΩDW. Furthermore, various as-
trophysical observations constrain ΩPBH for a wide mass
window [1, 2]. Most of the valid constraints assume the
PBH mass function is monochromatic. Although PBHs
in our model have a mass distribution, it is narrow as we
see in Fig. 2. If we approximate our model as one which
has the monochromatic mass function MPBH = 〈MPBH〉
with the same abundance ΩPBH, the astrophysical con-
straints on ΩPBH can be roughly applied to our model.
ΩPBH in Eq. (17) depends on fa which determines the
DWs formation point t1 and also the DW tension σ. An-
other parameter that also significantly affects ΩPBH is γ
(contained in f(r1), describing the formation efficiency of
closed DWs), ΩPBH ∝ γ. In Fig. 3, we plot ΩPBH/ΩDM,
the present fraction of PBHs in DM, as a function of
〈MPBH〉 (or fa in the second x-axis, one-to-one corre-
sponding to 〈MPBH〉) for different γ, with various ob-
servational constraints. We see that for fa ∼ 109 GeV,
PBHs are in the sublunar-mass window 〈MPBH〉 ∼ 1020-
1022 g, one of few allowed windows 3. For the typical
value γ = 0.1, PBHs could account for up to ∼ 1% of
3 Like many other discussions (e.g. Refs. [63, 65]), Fig. 3 does not
include the constraint from observations of neutron stars [66]
5DW in this mass window. If closed DWs are formed
more efficiently, PBHs could contribute more to DM.
We can in turn constrain QCD axion parameter space
using the constraints on ΩPBH. Fig. 3 shows that fa &
1010 GeV is almost excluded, although extremely small
γ . 10−3 is still plausible resulting in ΩPBH . 10−3ΩDM.
For fa . 108 GeV, PBH abundance is very tiny (fa . 108
GeV is actually excluded by independent observations of
supernovae cooling [68]). Our model prefers fa ∼ 109
GeV corresponding to ma,0 ∼ meV (see a similar result
in Ref. [23] but depending on a totally different mech-
anism). Additionally, PBH formation mechanism sug-
gested in this work can also be applied to axion-like par-
ticles (ALPs) where ma and fa are not linked. In the
ALP case, PBH formation could even be more efficient
due to the larger DW sizes since the ALP mass could be
lower than 10−12 eV [69].
V. CONCLUSIONS AND DISCUSSIONS
We have studied PBH formation from collapse of closed
QCD axion DWs naturally arising when axion mass effec-
tively turns on. PBH mass distribution can be obtained
from the size distribution of closed DWs predicted by per-
colation theory. Our model advocates axion mass in meV
scale (several experiments can detect axion in this mass
range, see Ref. [70] for a review). The resulting PBHs are
in the sublunar-mass window 1020-1022 g, one of few al-
lowed windows constrained by observations. PBH abun-
dance in our model could vary a lot and it could reach
∼ 1% of DM or even more, where the formation efficiency
of closed DWs plays a key role which should be further
studied carefully by simulations.
Sublunar-mass PBHs have other significant implica-
tions. Ref. [65] suggests that their interactions with
neutron stars could solve the long-standing puzzle of
r-process nucleosynthesis, which might get indirect
supports from aLIGO, aVirgo and KAGRA experi-
ments [71–73] in the near future. In Fig. 3, r-process
is denoted as the dashed line, the region above/below
which is the parameter space that fully/partially ex-
plains r-process observations [65]. Ref. [74] discussed the
possibility of detecting gravitational waves generated
by sublunar-mass PBH binaries. Ref. [75] proposed
the sublunar-mass PBHs detection through the diffrac-
tive microlensing of quasars in long wavelengths with
sublunar-mass PBHs as lenses, which could also detect
the PBH mass distribution. These experiments might
support or exclude our proposal of PBH formation.
which depends on the controversial assumption of PBHs as DM
existing in globular clusters. Many observations disfavor DM
existing in such regions, see e.g. Ref. [67].
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Appendix A: Numerical Calculations of the Collapse
of Closed Axion DWs
In this Appendix, we are going to show the details
of numerically solving the collapse of closed axion DWs,
including how we get the expression of Smax as shown in
Eq. (12) and also the relation between r1,min and fa as
plotted in Fig. 1 in the main text.
For the convenience of numerical calculations, we de-
fine r˜ = R/m−1a (t2) and t˜ = t/m−1a (t2) as dimensionless
variables, then the EoM Eq. (9) and the initial conditions
(Eq. (10) and φ˙(t = t2,R) = 0) can be written as
∂2φ
∂t˜2
+
3
2t˜
∂φ
∂t˜
− 1
a2(t˜)
(
∂2φ
∂r˜2
+
2
r˜
∂φ
∂r˜
)
+
m2a(t˜)
m2a(t˜2)
sinφ = 0,
(A1)
φ(t˜2, r˜) = 4
{
tan−1[e(r˜−r˜2)] + tan−1[e(−r˜−r˜2)]
}
, (A2)
∂φ(t˜, r˜)
∂t˜
∣∣∣∣
t˜=t˜2
= 0 (A3)
where r˜2 = R2/m
−1
a (t2) and t˜2 = t2/m
−1
a (t2) are respec-
tively the rescaled initial radius and rescaled initial time
at the starting point of the collapse of closed DWs, con-
sistent with the definitions of r˜ and t˜. Note that r˜2 = t˜2
since R2 = t2. As we mentioned in the main text, the
initial scale factor is set as 1, a(t˜2) = 1. In the radiation-
dominated era, we have
a(t˜) =
(
t
t2
)1/2
=
(
t˜
t˜2
)1/2
. (A4)
If PBHs are formed before the QCD transition Tc, ac-
cording to Eq. (2) the axion mass that enters Eq. (A1)
is
ma(t˜)
ma(t˜2)
=
(
t
t2
)β/2
=
(
t˜
t˜2
)β/2
. (A5)
Later, we will discuss the effect of QCD transition on the
collapse of closed axion DWs. As we mentioned in the
main text, β ' 4. One of the most recent calculations
6on axion mass is given by Ref. [31] based on lattice QCD
method which shows that the exact value is β = 3.925 4.
E(t, R) is defined as the energy contained within a
sphere of radius R at time t during collapse of a closed
DW, which can be calculated as
E(t˜, r˜)
f2a
=m−1a (t˜2) ·
∫ r˜
0
dr˜′ · 4pir˜′2 · a3(t˜) ·
[
1
2
(
∂φ
∂t˜
)2
+
1
2a2(t˜)
(
∂φ
∂r˜′
)2
+
m2a(t˜)
m2a(t˜2)
(1− cosφ)
]
.
(A6)
We add the prefactor 1/f2a in LHS because φ is defined
as a dimensionless variable φ = φ/fa as we mentioned
in the main text. Now, the term S(t, R) related to the
criterion of PBH formation can be expressed as
S(t˜, r˜) =
2E(t˜, r˜)
R
=
2E(t˜, r˜)
r˜
· ma(t˜2)
a(t˜)
. (A7)
The maximum value of S(t˜, r˜) during the collapse is
Smax = max
(t˜,r˜)
S(t˜, r˜) (A8)
We see that Smax/f
2
a is a function of r˜2.
We then study the collapse of closed axion DWs by nu-
merically solving Eqs. (A1)-(A5), from which we obtain
the evolution of S(t˜, r˜) (based on Eq. (A7)) and further
Smax. We do numerical calculations for different values
of the initial radius r˜2, and finally we obtain the rela-
tion between Smax/f
2
a and r˜2 which is plotted in Fig. 4.
We see that Smax/f
2
a linearly depends on r˜2 in the log-
log scale, consistent with Ref. [22] which however did the
numerical calculations for a constant ma. By fitting the
numerical results in Fig. 4, we get
Smax/f
2
a = k1 · (r˜2)k2 , (A9)
where k1 = 3106.28 and k2 = 2.7626. In Fig. 5, we also
plot the relation between tmax and r˜2 where tmax is the
time when S(t˜, r˜) reaches its maximum value Smax. The
numerical results show that
tmax/t2 ≈ 3.1. (A10)
We see that the collapse is a very fast process, with the
scale factor a(t) only enlarged by (tmax/t2)
1/2 ≈ 1.76
times from t2 to tmax. Similar to Ref. [22], we also ob-
served that Smax is reached when the wall collapses to
the radius close to zero. So the speed of collapse can be
estimated as (tmax/t2)
1/2t2/(tmax − t2) ≈ 0.84, close to
the speed of light.
4 Ref. [31] does not give the value of β directly, but the Supple-
mentary Information of that paper provides the related data. By
fitting the data provided, we get β = 3.925.
numerical results
fitting
10 20 30 40 50
5×1061×10
7
5×1071×10
8
r2
S m
ax
/f a2
FIG. 4. Relation between Smax/f
2
a and r˜2. We do numeri-
cally for initial radius r˜2 = 10, 20, ..., 50 respectively, and the
numerical results of (r˜2, Smax/f
2
a ) are plotted as red points.
The black line is the fitting result Eq. (A9).
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FIG. 5. Relation between tmax/t2 and r˜2. The blue points
are numerical results and the dashed line is tmax/t2 = 3.1.
Substituting Eq. (A9) into the criterion Eq. (11), and
using Eqs. (3) and (8), the criterion of PBH formation
can be expressed in terms of r1:
r21 &
ma(t1)
ma(t2)
(
m2P
k1f2a
)1/k2
. (A11)
Taking equal sign in Eq. (A11), we obtain the lowest limit
of the size of closed axion DWs at the formation point t1
which could finally collapse into PBHs, denoted as r1,min.
However, Eq. (A9) is only applicable when the axion
mass relation Eq. (A5) works, which assumes that Smax
is reached before QCD transition, i.e. tmax < tc. Using
Eqs. (8) and (A10), this condition (tmax < tc) becomes
a constraint on the size of closed DWs at the formation
point:
r1 < 0.57
T1
Tc
. (A12)
The interpretation of this relation is straightforward.
7The larger a closed DW is at t1, the later it will col-
lapse according to Eq. (8), so a sufficiently large closed
DW will collapse after Tc ' 150 MeV. If Eq. (A12) is sat-
isfied, we can substitute the axion mass relation Eq. (A5)
into Eq. (A11) to get
r1,min '
(
m2P
k1f2a
) 1
k2
· 1β+2
, for tmax < tc. (A13)
We see that r1,min is merely determined by fa. The rela-
tion between r1,min and fa is plotted in Fig. 6, denoted
as line 1.
For the case t2 > tc, i.e. closed axion DWs start to
collapse after QCD transition, the axion mass that en-
ters the EoM is a constant according to Eq. (2). t2 > tc
corresponds to the condition r1 > T1/Tc. Ref. [22] nu-
merically solves the collapse of closed axion DWs withma
constant, in which Smax has the same form as Eq. (A9)
but with k1 ≈ 21.9 and k2 ≈ 2.7 5. Then, from Eq. (A11)
we can derive r1,min in this case:
r1,min '
[
ma(t1)
ma,0
] 1
2
(
m2P
21.9f2a
) 1
2.7 · 12
, for t2 > tc. (A14)
We also plot r1,min in this case as a function of fa in
Fig. 6, denoted as the dashed line.
In Fig. 6, we also plot T1/Tc and 0.57(T1/Tc) in com-
parison with Eqs. (A13) and (A14). Region I (between
line 1 and line 2) is the parameter space where the con-
dition Eq. (A12) is satisfied, so the criterion Eq. (A13)
is applicable here and the closed DWs with parameters
in this region will finally collapse into PBHs. Region III
(beyond line 3) is the parameter space where r1 > T1/Tc
(i.e. t2 > tc), so we should use the criterion Eq. (A14)
here. We see that region III is well above the criterion
Eq. (A14), so the closed DWs with parameters in this re-
gion will finally collapse into PBHs. Region II (between
line 2 and line 3) where 0.57(T1/Tc) < r1 < T1/Tc is more
subtle. The collapse of closed DWs with parameters in
this region will pass through QCD transition, i.e. expe-
rience the ‘knee’ of axion mass expression Eq. (2). Since
region II satisfies well the criterion of PBH formation
from the perspective of both the changing axion mass
(Eq. (A13)) and the constant axion mass (Eq. (A14)),
we should expect the closed DWs with parameters in this
region will collapse into PBHs 6.
108 109 1010 1011 1012
0
5
10
15
20
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30
35
fa/GeV
r 1
line 3, T1/Tc
line 2, 0.57(T1/Tc)
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III
II
I
FIG. 6. Parameter space (r1, fa) for closed axion DWs. Line
1 is r1,min in Eq. (A13); the dashed line is r1,min in Eq. (A14).
Line 2 and line 3 are respectively the value of 0.57(T1/Tc) and
T1/Tc as a function of fa.
To conclude, region I, II, and III are all parameter
spaces (the shaded region) where closed axion DWs can
collapse into PBHs. Thus, the criterion Eq. (A13) de-
noted as line 1 in Fig. 6 is indeed the lowest limit of
r1 for PBH formation (the tiny difference in the range
fa & 1011 GeV can be ignored as we discussed in foot-
note 6), which is also plotted in Fig. 1 in the main text.
Note that we cannot use Eq. (A14) (dashed line) as the
final criterion although it is lower than line 1, because
the parameter space around the dashed line satisfies the
condition Eq. (A12) and thus should be checked by the
criterion Eq. (A13) rather than Eq. (A14).
5 Although Ref. [22] does not incorporate the effect of the uni-
verse’s expansion into the EoM, the results of that paper can
still be applied here for constant axion mass. This is because
the universe’s expansion plays only a minor role as we see in
Eq. (A10) where the scale factor is only enlarged by 1.76 times
during the collapse which is a very fast process.
6 One may notice that in Fig. 6, the lower three lines (line 1, 2
and the dashed line) intersect with one another at fa & 1011
GeV and are thus not in good order, which might slightly affect
r1,min in the range fa & 1011 GeV. However, we may safely
ignore the tiny difference since the three lines are very close to
each other in this range of fa. Also, as we discussed in the main
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